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Abstract 

This paper deals with local convexity properties of the j-metric. 
We consider convexity and starlikeness of the j-metric balls in convex, 
starlike and general subdomains of M". 
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1 Introduction 

The j -distance in a proper subdomain G of the Euclidean space M", n > 2, 
is defined by 



jG{x,y) = log 1 + 



\x - y\ 



mm{d{x), d{y)} ^ 

where d{x) is the Euclidean distance between x and dG. If the domain G is 
understood from the context we use notation j instead of jo- 

The j-distance was first introduced by F.W. Gehring and B.P. Palka |GP| 
in 1976 in a slightly different form and in the above form, by M. Vuorinen 
|Vu2| in 1985. The j-distance is actually a metric and a proof of the triangle 
inequality valid for general metric spaces is given in [Sj. Previously the 
j-metric has been studied in connection with the study of other metrics 
|GOl El [HI lYl IVu2| . See also recent papers |HLl [L]. In spite of these studies 



many basic questions of the j-metric remain open and some of them will be 
studied here. 

The purpose of this paper is to study metric spaces (G, jc) and especially 
local convexity properties of j-metric balls or in short j -balls defined by 

B,{x,M) = {yeG:j{x,y)<M}, 
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where M > and x G G. In the dimension n = 2 we call these j -metric 
disks or j -disks. 



M. Vuorinen suggested in |Vu4| a general question about the convexity of 
balls of small radii in metric spaces. This paper is motivated by this question 
and we will provide an answer in a particular case. Our main result is the 
following theorem. For the definition of starlike domains see 13.31 

Theorem 1.1. For a domain G C W and x e G the j-balls Bj{x^M) 
are convex if M G (0,log2] and strictly starlike with respect to x if M ^ 
(O,log(l + V2)]. 

In Section [2] we consider general properties of the j-metric and show that 
for any G there exists points such that there is no geodesic between them. In 
Section [3] we consider local convexity properties of j-balls in punctured space 
and in Section [4] we extend these results to an arbitrary domain G C M". We 
will further consider convexity of j-balls in convex domains and starlikeness 
of j-balls in starlike domains. 



2 Properties of the j-metric 

Throughout this paper G C M", n > 2, is a domain. We denote m{x,y) = 
mm{d{x) , d{y)} and we use notation B'^{x,M) for the Euclidean balls and 
S"'~^{x, M) for the Euclidean spheres. We often identify with the complex 
plane C 

In 1976 F.W. Gehring and B.P. Palka |GPj also introduced the quasihy- 
perbolic metric, which has been widely applied in geometric function theory 
and mathematical analysis in general, see e.g. |Vu3l [Vj. The quasihyper- 
bolic distance between two points x and y in a proper subdomain G of the 
Euclidean space R", > 2, is defined by 

kG{x,y) = inf [ 

aer^y d{x) 

where T^y is the collection of all rectifiable curves in G joining x and y. We 
denote the quasihyperbolic ball by 

Dg{x,M) = {y e G: kG{x,y) < M}. 

The quasihyperbolic metric is closely related with the j-metric. By |GPl 
Lemma 2.1] jc is always a minorant of kc, in other words, for a proper 
subdomain G of M" we have 

jcix^y) < kcix.y) 
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for all x,y G G. 

The following result can be used to estimate the quasihyperbolic metric 
from above by the j-metric. 

Proposition 2.1. fVu^ Lemma 3.7] Let G C. be a domain, x E G, 
y e B''{x,d{x)) and se {0,1). Then 

kG{x,y) < -^jG{x,y). 
1 — s 

The following lemma gives Euclidean bounds for the j-balls. 

Proposition 2.2. /3 Theorem 3.8] For a proper subdomain G C M", x E G 
and M > we have 

B''{x,rd{x)) C Bj{x,M) C 

where r = 1 — and R = e^^ — 1 . Moreover 

Bj(x,M) c{zeG: e-^^d{x) < d{z) < e^^d{x)} . 

Remark 2.3. A similar result to Proposition 12.21 is also true for the quasi- 
hyperbolic metric see |Vull page 347]. 

By Proposition 12.21 the j-ball Bj{x,M) shrinks towards the center {x} 
as M approaches 0. The following lemma shows that the j-balls Bj{x,M) 
exhaust the domain G. 

Lemma 2.4. Let G C MJ^ be a bounded domain and fix x E G and s G 
{0,d{x)]. Then 

{yeG: d{y) > s} C B, (x, log(l + d/s)) , 
for d = sup |x — z|. 

zedG 

Proof. Let us assume d{y) > s. Then either m(x, y) = d{x) > s or m(x, y) = 
d{y) > s. In both cases m{x,y) > s and since \x ~ y\ < d for all y G G we 
have 

□ 
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Let us denote the set of closest boundary points of a point a; in a domain 

G cWhy 

Rx = {z & dG: \z — x\ = d{x)} . 

The next result characterizes the case of equality in the triangle inequality 
for the j-metric. Its proof is based on the proof of the triangle inequality [HI 
Lemma 2.2]. 

Theorem 2.5. Let x,y, z & G C be distinct points and d{x) < d{z). 
Then 

jcix, z) = jcix, y) + jcd/, z) 

implies that x, z and u are collinear for some u G and y G (x, z) with 
d{x) < d{y) < d{z). 

Proof. By definition jcix, z) < jcix, y) + jciyi z) is equivalent to 

|x — z| la; — "vl \v — z\ \x — y\\y — z\ 

< ' [ +—, [ + — -T^t T- (2-6) 



m{x,z) m{x,y) m{y,z) m{x^y)m{y, z) 

The assumption d{x) < d{z) implies m{x,z) = d{x). 

If d{y) < d{x), then the inequality (12.61) is equivalent to 

d{x) ^ d{x) ^ \x — y\\y — z\ d{x) 

d{y) d{y) d{y) d{y)' 

which is true, because |x — z| < \x — y\ + \y — z\, (|x — y\\y — z\)/d{y) > 
and d{x)/d{y) > 1. 

If d{y) > d{x), then the inequality (12. 6p is equivalent to 



|a; — z| < \x — y \ + \y — z\ 



d{x) + \x — y\ 



m{y,z) 

which is false if and only if x, y and z are collinear and 

d{x) + \x — y\ 
Tn{y,z) 

If d{x) = d{z)^ then d{x)/m{y, z) = 1 and 

d{x) + \x — y\ 



1. 



>1. (2.7) 

m{y,z) 

lid{x) < d{z) < d{y), then the inequality (12.71) is true, because d{x) + \x—y\ > 
d{y) > d{z) = m{y,z). If d{x) < d{y) < d{z), then the inequality (12 .7^ is 
true if and only if y ^ {k{x — u): k > 0}, where u G Rx- □ 
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The implication of Theorem 12.51 in the other direction was proved by 
Hasto, Ibragimov and Linden |HILl Corollary 3.7]. 

Definition 2.8. Let G C R" be a domain and 7 a curve in G. If 

j{x,y)+ j{y,z) =j{x,z) 

for all x,z E 'J and y G 7', where 7' is the subcurve of 7 joining x and z, then 
7 is a geodesic segment or shortly a geodesic. We denote a geodesic between 
X and y by J[x, y]. 

By Theorem 12.51 and the result of Hasto, Ibragimov and Linden we can 
easily find all geodesies J[x, y] for any domain G. The geodesic needs to 
satisfy the triangle inequality as equality at each point and therefore the 
geodesic can only be a line segment / with the following property. 

Lemma 2.9. Let G C M"- be a domain and J[x,y] be a geodesic segment 
with x,y E G. There exists u G dG such that u G Rg for all s G J[x,y] and 
u and J[x,y] are collinear. 

Proof. Let us assume, on the contrary, that there exists z G J[x, y] such that 
d{z) < d{x) — \x — z\. Now jc{x,z) + iciz^y) = jci^jy) is equivalent to 

d{z)\x — z\ + [d{x) + |a; — z\) \z — y\ = d{z)\x — y\. 

We have 

d{z)\x — y\ < d{z)\x — z\ + d{z)\z — y\ 

< d{z)\x — z\ + [d{x) + |x — z[j \z — y\ 
= d{z)\x — y\ 

which is a contradiction. □ 

Theorem 2.10. Let G C. M."- be a domain. Then there exist x,y E G such 
that there is no geodesic J[x,y]. 

Proof. Let us assume, on the contrary, that for all x,y E G there exists a 
geodesic J[x, y]. Since G is a domain, we can choose x,y, z E G to be three 
distinct noncollinear points. Now there exists a geodesic J[x, y] from x to 
y. We may assume d{x) < d{y) and then by Lemma [2T9l B"'(x. d(x)) C 
B-{y,diy))cG. 

On the other hand, there exists a geodesic J[x, z] from xtoz and therefore 
there has to exist a point u E S"'~^(^x,d{x)) fl dG such that x, z and u are 
collinear. This is a contradiction, because x, y and u are noncollinear and 
therefore u E B"' (y , d{y)) . □ 
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Remark 2.11. By Theorem 12.101 a j-metric geodesic does not always ex- 
ist between two points. F.W. Gehring and B.G. Osgood have proved |GOl 
Lemma 1] that for the quasihyperbolic metric there always exists a geodesic 
between two points of a domain G C M". 

However, the geodesies of the j-metric are unique while the geodesies of 
the quasihyperbolic metric need not be unique. 



3 Convexity and starlikeness of j-balls in punc- 
tured space 

In this section we consider the case G = \ {0}. By definition the j-balls 
in punctured space G = M" \ {0} are similar, which means that Bj{x,M) 
can be mapped onto Bj{y,M) for all x,y & G hj rotation and stretching. 
We see easily that these balls are also symmetric along the line that goes 
through and the center point. 

Theorem 3.1. Let xeW\ {0}. Then 

1) the j-ball Bj{x,M) is convex if and only if M G (0,log2]. 

2) the j-ball Bj{x, M) is strictly convex if and only if M E (0, log2). 

Proof. 1) By similarity we can assume x = ei and by symmetry it is sufficient 
to consider only the case n = 2. We will consider dBj{l, M) for fixed M. By 
definition we have for z G dBj{l, M) 



M = 

which is equivalent to 



log(l + |2;-l|), \z\>l, 
\og{l + \z-l\/\z\), \z\<l 



|l-l/;z|, \z\<l. 



For \z\ > 1 the dBj{l,M) is an arc of a circle with center 1 and radius 
— 1. For \z\ < 1 the dBj{l,M) is a circle that goes through points 
l/(e*^) and 1/(2 — e*^) and has center on the real axis. This means that 
the center of the circle is c = 1/ (e^^(2 — e^"^)) and the radius of the circle is 
|e^ - l|/|e*^(2 - e*Ol- Now c> 1, if M < log2, and c < 0, if M > log2. 
Therefore dBj{l, M) is convex for M < log 2 and not convex for M > log 2. 

2) We have c G (1, cxd), where c is as above. Therefore -Bj(x, M) is strictly 
convex. In the case M = log 2 we have c = oo and Bj (x, M) is not strictly 
convex. □ 
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Remark 3.2. For fixed x G G the quasihyperbolic ball Dg{x, M) is strictly 
convex in G = \ {0} if and only if M G (0, 1] [Kj. 

Clearly Bj{x,M) is never smooth. We will next define starlikeness of a 
domain. 

Definition 3.3. Let G C M" be a bounded domain and x e G . We say 

that G is starlike with respect to x if each line segment from x to y E G is 
contained in G. The domain G is strictly starlike with respect to x for x E G 
if each ray from x meets dG at exactly one point. 

The next theorem determines the values of M for which the j-ball Bj (x, M) 
is strictly starlike with respect to x. 

Theorem 3.4. For x G R" \ {0} the j-ball Bj{x, M) is strictly starlike with 
respect to x if and only if M E (O, log(l + \/2)] . 

Proof. Because the j-balls are similar it is sufficient to consider x = Ci. By 
symmetry it is sufficient to consider the case n = 2 and the part of dBj{l, M) 
that is above the real axis. KM > log3, then Bj{l,M) = B'^{l,r)\B'^{c, s), 
where c, r and s are given in the proof of Theorem [SH] and B'^{c,s) C -8^(1, r). 
Therefore Bj{l,M) can be starlike with respect to 1 only for M < log 3. 

Let us assume M < logS. By the proof of Theorem 13.11 Bj(l. M) = 
-8^(1, r) \ _B^(c, s). Let us denote the point of intersection of S^{l,r) and 
S^{c,s) above the real axis by z. Now z is also the point of intersection of 
the unit circle and the boundary dBj{l, M). Let us denote by I the line that 
goes through points 1 and z. Now Bj{l,M) is strictly starlike with respect 
to 1 if and only if / n B^{1, r) n B'^{c, s) = 0. If z is a tangent of S'^(c, s), 
then the circles 5^(1, r) and S^{c, s) are perpendicular and M has the largest 
value such that Bj{l,M) is starlike with respect to 1. 

By the proof of Theorem 13.11 we have c = — l/e*''^(e*^ — 2), r = \1 — z\ = 
e*^-l, |l-c| = (e*'^-l)Ve*^(e^^-2) and s = \z-c\ = (e^-l)/e^-^(e^'^-2). 
Let us assume that z is a tangent of S^{c,s). Now by the Pythagorean 
Theorem 

g2M(^gM_2)2 ^ + g2Af(^gM _ 2)2' 

which is equivalent to e^^^ — 2e^^ — 1 = and therefore 

M = log(l + V2). 

□ 
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Figure 1: The boundaries of j-disks j(l, M) in punctured plane G = \ {0} 
with M = 0.5, M = log2, M = log(l + ^2) and M = 1.1 ^ log 3. 

Example 3.5. Let us consider the starlikeness of j-balls Bj{x,M) with re- 
spect to z G Bj{x,M) for M > log2. By choosing z = (e"^^ + e)x/\x\ for 
e > and letting e approach to zero we see that Bj{x, M) is not starlike with 
respect to z. 

On the other hand, if we choose z = (e^ — e)x/\x\ for e > and M < 
log ((3 + a/5/2), we see that Bj{x,M) is strictly starlike with respect to z 
for small enough e. 

Remark 3.6. For fixed x E G the quasihyperbolic ball Dg{x, M) is strictly 
starlike with respect to x in G = \ {0} if and only if M G (0, k] [,K], where 
K ^ 2.83297. 

4 Convexity and starlikeness of j-balls 

We will consider convexity and starlikeness of j-balls Bj{x, M) for M > in 
convex, starlike and general domains. 

Let us consider j-balls in a domain G with a finite number of boundary 
points. The case cardc?G = 1 is identical to G = \ {0}. If dG = {1/1,1/2}, 
then Bj^{x,M) = Bj^„^^^^y{x, M) n Bjj^„^^^^y{x, M). This is clear, because 
the j-distance between a and b depends only on the closest boundary point 
of the end points a and b. Similarly for dG = {yi, y2, ■ ■ ■ , ym} we have 



This gives an idea to prove Theorem 11.11 which shows that j-balls are 
convex in any domain G for small radius M. 



m 



i=l 
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Figure 2: The boundaries of j-disks in a domain with 1, 2, 3 and 6 boundary 
points. 



Proof of Theorem Let x G G be arbitrary. We claim that 

A = B,^{x,M) = fl i?,.„^^^j(x,M) = B. (4.1) 
zedG 

Let y E B. We can choose z' G dG with 

M'-\{z'}ix,y) = min j]Rn\|^|(x,y). 

Because z' G dG we have jG{x,y) < jM."\{z'}{x,y) and therefore y E A. 

On the other hand, let y E A. By definition there is a point z' G with 
min{|a:-2;'|, \y-z'\} = mm^^gG{\x- z\, \y-z\}. Now jK"\{2'}(a;, y) < jcix^y) 
and y E B. 

By Theorem 13. II each (x, M) is convex for < M < log 2 and (14.11) 

Bj^ {x, M) is an intersection of convex domains and therefore it is convex. 

If M G (0,log2], then Bj^{x,M) is convex and therefore also starlike 
with respect to x. If M G (log 2, log(l + a/2)], then 

B,{x,M) = B\ ( U ' 

\z€dG / 

where B = 5"(a;, {e^^ - l)d{x)) and A^ = B'\c,z,r^) for c, = \z\/{e^\2 - 
e*^)) and = |z||l — e~'^''-'\/\e^^ — 2|. Let us assume that Bj{x,M) is not 
strictly starlike with respect to x. Now there exists a,h E B such that h G 
(x, a), a G Bj{x,M) and 6 ^ Bj{x,M). Now 6 G ^"(c^^;, r^) for some z G 9G. 
By the proof of Theorem 13.41 a G ^"(czZjr^), which is a contradiction. □ 

Corollary 4.2. For a domain G C M" and x E G the j-balls Bj{x,M) are 
simply connected if M E (O, log(l + v^)] . 

Proof. By Theorem II .11 -Bj^ (x. M) is starlike with respect to x and therefore 
also simply connected. □ 
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Corollary 4.3. For a domain G C and x E G the j-balls Bj{x,M) are 
strictly convex if M G (0,log2). 

Proof. By the proof of Theorem 11.11 and Theorem 13.11 

B^{x,M) = fl (5,,in5,,2), 

z&dG 

where B^^i is a Eudidean ball and x G Bz^i. Therefore Bj{x,M) is strictly 
convex. □ 

Bounds of Theorem 11.11 are sharp as G = M" \ {0} shows. Also the 
bound log(l + \/2) of Corollary 14.21 is sharp. This can be seen by choosing 
G = M?\{0, z} for a certain z and considering Bj{ei, M) for M > log(H--\/2). 
By the proof of Theorem 13.11 we know that 

B,{euM)=B\ei,ri)\B\c,r2) 

forn = e^-1, c = ei/(e*^(2-e^0) and rs = (e*^-l)/(e*^(e*^-2)). Let / be 
the tangent line of B^{c,r2) that goes through ei. Denote {y} = S^{c,r2)nL 
Choose z to be the reflection of in the line /. By a simple computation we 
have 

e*^ - 1 

\v ~ ei = — = < Ti. 

' ' v^e*^(e*^-2) 

Let us denote by c' the reflection of c in the line /. Now Bj^^^^^ ^^{ci, M) = 
B^{ei,ri) \ (i?^(c, U S^(c',r2)) and therefore Bj{ei,M) is disconnected 
forM>log(l + y2). 

Similar counterexamples can be constructed for n > 2. Let us assume 
n > 2 and M > log(l + V^). Now we choose 

G = M"\(S"-i(z,|;.|)\5"(ei,l)), 

where z G ^"^^(ei, e^''^ — 1) and the line [z,ei] is a tangent of S'"~^(c, r) for 
c = ei/(e*^(2 - e^O) and r = |1 - e*V|e*^(2 - e^)|. Let y G [z,ei] n 
5"-^(ei,e*^ - 1). Now jclei,?/) = M and jciei, ^{z + y)) < M. Therefore 
Bj{ei,M) is disconnected. 

Remark 4.4. The idea of the proof of Theorem 11.11 cannot be used for the 
quasihyperbolic metric. We always have 
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but inclusion in the other direction is not always true. For example G = W^\ 
{0,ei}, X = ei/4 and M = 1 gives an counterexample. Now y = ei(l — 1/e) 
is on the boundary dDcix, M) because 

kcix^y) = kjs,n\{oy{x,ei/2) + A;Rn\{ei}(ei/2, = log2 + log(e/2) = 1. 

On the other hand, z = ei (l— 3/(4e)) belongs to the boundary dD]^n\^ei}{x, M). 
Now 0.632 ^ \y\ < \z\ ?a 0.724 and therefore L'i;n\|o}(a;, M)nL'Rn\{e^}(a;, M) ^ 
Dg{x,M). 

The next theorem states convexity of j-balls in convex domains. 

Theorem 4.5. Let M > 0, G C M" be a convex domain and x E G. Then 
j-balls Bj{x, M) are convex. 

Proof. By Theorem ll.il we need to consider only the case M > log 2. Let us 
divide G into two parts Di = {z E G : d{z) > d{x)} and D2 = G \ Di. We 
will first show that convexity of G implies convexity of Di. Let us assume 
that Di is not convex. There exists a,b E Di such that c = {a + b)/2 ^ Di 
and d{a) = d{x) = d{b). Now i?"(a,d(a;)) and B"'(b,d{x)) does not contain 
any points of dG, but B"'{c,r) for some r < d{x) contains at least one point 
of dG. Therefore G is not convex, which is a contradiction. 

Let us consider Bj{x, M) fl Di. By definition of the j-metric we have for 
y E dBj{x,M)nDi 

\x-y\ = rf(x)(e*^-l) 

and therefore dBj{x, M) f\Di is a subset of S'^^^{x, r), where r = d{x) (e*^ — 
1). By convexity of Di the domain Bj{x, M) fl Di is convex. 

Let us then show that each chord with end points in Bj{x,M) fl D2 is 
contained in Bj{x, M). By definition for y E dBj{x, M) fl D2 we have 

= (4-6) 

Let us assume ?/i,?/2 ^ Bj{x,M) fl D2 and z = {yi + y2)/2 ^ Bj{x,M). If 
z E Di, then z E Bj{x,M) because Bj{x,M) C r). Therefore we may 

assume z G -D2 \ Bj{x,M). By (14. 6p we have d{yi) > |a; — yi|/(e*^ — 1) for 
i E {1,2} and d{z) < \x - z\ / {e^^^ - 1) . Since M > log 2 we have c = l/(e^^- 
1) < 1. Now the boundary dG is outside -B"(i/i, c\x — yi\) U -B"(?/2, c\x — 7/2!) 
and has a point in B'"-{z,c\x — z\), see Figure [3l 

We will show that for c < 1 the domain G is not convex. Let us denote 
by / a line that is a tangent to balls B"-{yi,c\x — yi\) and B'^{y2,c\x — y2\). 
Because d{yi, I) = c\x — yi\ for i G {0, 1} we have 

ci(.,0 = ^'^~^^' + ^'^"^< (4.7) 
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Figure 3: Line /, Euclidean balls Bi = B"'{yi, c\x — yi\) and B2 = -B"(l/2, c\x — 
I/2I) and points yi, y2 and z. 



By the triangle inequality 

\x-yi\ ^ \x-y2\ 



\x — z\ 



< 



and by (SJD 



dizj) = -{\x - yi\ + \x- y2\) > c\x - z\. 



Now the domain G is not convex, which is a contradiction, and each chord 
with end points in Bj{x, M) fl D2 is contained in Bj{x, M). 

Since each chord with end points in -Bj(x, M)r\D2 is contained in Bj{x, M), 
Bj{x,M) n C 5"(a;,r), is convex and dBj{x,M) n C ^"-^(a;,/) 
the j-ball Bj (x, M) is convex. □ 

Theorem 4.8. Let M > and G C M" be a starlike domain with respect to 
X E G. Then the j -halls Bj{x, M) are starlike with respect to x. 

Proof. By Theorem II .11 we need to consider M > log(A/2 + 1) which is equiv- 
alent to — 1 > \/2. Let us divide G into two parts Di = {z E G : d{z) > 
d{x)} and D2 = G\Di. 

Similarly as in the proof of Theorem 14.51 the boundary dBj{x, M) fl Di 
is a subset of a sphere S'"~^(a;, r) and Bj{x,M) C S'"~^(x, r). Therefore it is 
sufficient to show that for each y G Bj{x,M) fl D2 the line segment [x,y] is 
in Bj{x,M). 

We will show that all chords [x, y] for y G Bj{x, M) fl D2 are contained in 
Bj{x,M). Let us assume, on the contrary, that there exists points yi,y2 G 
{dBj{x,M)) n D2 with yi G {x,y2) and z = {yi +?/2)/2 ^ 5^(a;, M). Let us 
first assume z G Di. Now jc^x^ z) > jci^, 1/2) is equivalent to \x — z\/d{x) > 
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\x — y2\/d{y2)- By the selection of yi and 1/2 we have \x — z\ < \x — 2/2! and 
d{x) > d{y2) implying \x — z\/d{x) < \x — y2\ / d{y2) , which is a contradiction. 
Let us then assume z & D2. Now 

\x - Vil ^ \x - y2\ ^ gA/ _ ^ ^ k - ^1 
diyi) d{y2) d{z) 




Figure 4: Selection of points yi and y2. Gray circles are 
and S"(2/2,%2)). 

and therefore the boundary dG does not intersect d{yi)) or -B"(?/2, d{y2)) 

and contains a point in -B"(z, , see Figure [H This means that G is not 
starlike with respect to x, which is a contradiction. □ 

Remark 4.9. (1) Let us consider the domain G = 5"(0, 1) U 5"(ei, 1/4) U 
-B"(2ei,l) and show that the j-ball B = i?j(0,log3) is connected but the 
j-sphere S = {z & G: jG{0,z) = log 3} is disconnected. We have 

jG(0,ei) =log (1 + Y7i) =^°S5 

and therefore all points x G G with Xi = 1 are neither in B nor on the 
boundary dB. We also have B,dB C 5"(0, 1) U S"(2ei,l). For all y G 
B"(2ei, 1) \ {m G G: Z0 2eiM < atan(l/4)} we have 





\y\ 




1 - 


|2 


-y\ 



jg(0, y) = log 1 + : > log (1 + 2) = log 3 



because \y\ + 2|2 - y\ > 2. For all y G 5"(2ei, 1) n {u E G: Z02eiu < 
atan(l/4)} we have 

jg(0, y) = log (^1 + > log (^1 + > log (1 + 2) = log 3 
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and therefore B C i?"(0, 1) and it is connected. 

Let us now consider S and denote z E S. li z E i?"(2ei, 1), then z = 2ei. 
If z e S"(0, 1), then z G dB. Now S = dB U {2ei} and it is disconnected. 
In particular, we see that 



(2) We have seen that in convex domains the j-balls are convex and 
in starlike domains the j-balls are starlike. However in simply connected 
domains the j-balls need not be simply connected. Let us consider G = 
5"(0, 1) U5"(ei, /i) U5"(2ei, 1) for h G (0, 1). Clearly G is simply connected. 
Let us consider B = i?j(0,log4). We have 



and therefore 2ei G B. Let x = (xi, . . . , Xn) G G with Xi = 1. Now 



and X ^ B for h < 1/3. For h = 1/A the j-ball B is not even connected. 
Instead of the radius log 4 we could choose any r > log 3. 

Questions 4.10. We pose some open questions concerning the quasihyper- 
bolic metric and quasihyperbolic balls. 

(1) Is it true that for any domain G C and x E G the quasihyperbolic 
ball Dg{x, M) is strictly convex if M G (0, 1]? 

(2) Is it true that for any domain G C and x E G the quasihyperbolic 
ball Dg{x,M) is strictly starlike with respect to x if M G (0, k] for 
K ^ 2.83297? 

(3) Are the quasihyperbolic geodesies unique in every simply connected 
domain G C M^? 

For the case \ {0} see Remarks 13.21 and 13.61 

Acknowledgements. This paper is part of the author's PhD thesis, cur- 
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{zEG: jGiO,z) <log3}^{zEG: j^O, z) < log 3}. 




log 3 
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